Sufficient conditions are obtained for the existence and global attractivity of positive periodic solution of an impulsive delay differential equation with Allee effect. The results of this paper improve and generalize noticeably the known theorems in the literature.  2005 Elsevier Inc. All rights reserved.
Introduction and preliminaries
Recently, theory and application of impulsive delay differential equations have developed. Various mathematical models in the study of population dynamics, biology, biotechnology, etc. can be expressed by impulsive delay differential equations. These processes and phenomena, which adequate mathematical models are impulsive delay differential equations, are characterized by the fact that per sudden changing of their state and that the processes under consideration depend on their prehistory at each moment of time. The ✩ This project was supported by NNSFC and Natural Science Foundation of Shanxi Province. * Corresponding author.
E-mail address: jryan@sxu.edu.cn (J. Yan).
existence and the attractivity of periodic solutions of impulsive delay differential equations is a notable research field. However, there are few publications in this area. The purpose of this paper is to study the existence and the global attractivity of positive periodic solution for an impulsive delay Lotka-Volterra type model with Allee effect. For the theory of impulsive differential equation, delay differential equations, and impulsive delay differential equations, we refer to the monographs [2, 6, 8, 9, 12] and papers [1, 3, 4, 7, 10, 11, [13] [14] [15] [16] [17] [18] [19] [20] .
Consider impulsive delay Lotka-Volterra type equation with Allee effect: Some special cases of nonimpulsive differential equations of (1.1) ((1.1) a -(1.1) b ), that is b k ≡ 0,
y (t) = y(t) a(t) + β(t)y p t − σ (t) − γ (t)y q t − σ (t)
a
y (t) = y(t) a + by(t − σ ) − cy
2)
y (t) = y(t) a + by p (t − σ ) − cy q (t − σ ) , (1.3) y (t) = y(t) a(t) + b(t)y(t − mω) − c(t)y 2 (t − mω) , and (1.4) y (t) = y(t) a(t) + b(t)y p (t − mω) − c(t)y q (t − mω) (1.5)
have been investigated respectively in [7, 10, 13, 15] . Equations (1.2)-(1.5) exhibit the single species population growth models with Allee effect (see [9, p. 143] ). This phenomenon occurs when the per capita growth rate increases as density increases and decreases after the density passes a certain critical value. This is certainly not the case in the logistic equation
where per capita growth rate is a decreasing function of the density. For easy reference in the sequel, we list the following hypotheses:
is Lebesgue measurable function, and p, q are positive constants and q > p; (H 3 ) {b k } is a real sequence and Here and in the sequel we assume that a product equals to unit if the number of factors is equal to zero. We consider the solutions of (1.1) with initial condition 
We also consider the nonimpulsive delay differential equation with Allee effect
with initial condition
where
By a solution u(t) of (1.7) we mean an absolutely continuous function defined on [−r, ∞) satisfies (1.7) a.e. for t 0 and
The following lemmas will be used in the proofs of our results. The proof of the first lemma is similar to that of [16, Theorem 1] and it will be omitted.
on [−r, ∞). Proof. Clearly, by Lemma 1.1, we only need to prove that the solutions of (1.7) are defined and positive on [−r, ∞). From (1.7) and (1.8), it is easy to obtain
The assertion of the lemma follows immediately for all t ∈ [0, ∞). The proof of Lemma 1.2 is complete. 2
In this paper, for convenience, we will introduce the following notations. Let f be a bounded Lebesgue measurable function on [0, ∞). We define
The paper is organized as follows. In Section 2, we derive quite a refined estimate of the solutions of (1.1) on [0, ∞) and obtain the permanence of (1.1). In Section 3, we study the existence of periodic positive solution of (1.1) by using the continuation theorem of coincidence degree theory. In Section 4, we investigate the uniqueness and the global attractivity of periodic solution of (1.1) and obtain some easily verifiable sufficient conditions for the global attractivity of periodic positive solution of (1.1). In [7, 10, 13, 15] , the estimate of the solutions of (1.2)-(1.5) and the global attractivity of either positive equilibriums of (1.2) and (1.3) or unique periodic positive solutions of (1.4) and (1.5) restrict that the conditions of Allee effects b and b(t) are nonpositive or other some conditions. In this paper, we will delete these restricted conditions about b or b(t). 
Estimates of solutions and permanence
In this section, we establish certain upper and lower estimates for the solutions of (1.1) and permanence of (1.1).
The following lemma is a modification of [10, Lemma 2] which will be used repeatedly in the proofs of our results. Its proof is straightforward and will be omitted. 
is increasing for 0 x x M and is decreasing for x M x < ∞.
To establish main result of this section, for bounded measurable functions a > 0, c > 0, and b, we define two functions as follows:
where a * , b * , c * , a * , b * , c * defined as in (1.10). From Lemma 2.1, there exist u 1 and u 2 such that f 1 (u 1 ) = 0, f 2 (u 2 ) = 0 with 0 < u 1 u 2 , where u 1 and u 2 are unique zero points respectively for f 1 and f 2 . u 1 = u 2 if and only if a, b, c are constants.
Throughout this paper, we assume that the roots of f 1 (u) = 0 and f 2 (u) = 0 are respectively u 1 and u 2 .
2)
3)
Proof. First, we establish the estimate of the solutions of (1.7). Next, by using Lemma 1.1, we will prove (2.2). From Lemma 1.2, the solutions of (1.7) are positive on [0, ∞). Suppose that solution u(t) of (1.7) oscillates about u 2 and sup 0 t<∞ u(t) > u 2 . Then there exist two sequences of {t n } and {ξ n } such that
and u(ξ n ) is the maximum of u(t) on (t n , t n+1 ) with u(ξ n ) > u 2 . Then for any enough small
It follows from Lemma 2.1 that u(ξ n − σ (ξ n )) < u 2 ; so let ξ 0 n be a zero of
In view of Lemma 2.1, for any t > r we have
Integrating (2.6) from ξ 0 n toξ n , we obtain
From (2.5) and (2.7), it follows that u(
Suppose that u(t) is nonoscillatory about u 2 . We now claim that for any ε > 0 there is T 1 > r such that for all t T 1 ,
Otherwise, since u(t) > u 2 , by using Lemma 2.1, u (t) < 0 a.e. for t T T 1 . Thus if u(t) u 2 + ε, in view of Lemma 2.1, we find
which contradicts u(t) > 0. Hence (2.9) holds. This fact implies that there exists T 2 > T 1 such that for t T 2 ,
Suppose that u(t) oscillates about u 1 and inf 0 t<∞ u(t) < u 1 . Then there exist two sequences of {s n } and {η n } such that 
which, in view of Lemma 2.1, implies that u(η n − σ (η n )) > u 1 . Therefore, there exists
. . . Integrating (1.7) from η 0 n toη n and using (2.8) and (2.10), we obtain that for η 0 n > T 2 ,
Thus we have
As u 2 e pµ 2 > u 2 , we see
Thus (2.12) and (2.4) yield 
Suppose that u(t) is nonoscillatory about u 1 and u(t) < u 1 . We will prove that for any ε > 0 there exists T 3 > T 2 such that
(2.14)
Otherwise, as u(t) < u 1 eventually, by using Lemma 2.1, there existsT T 3 such that for all t T ,
Hence u (t) > 0 a.e. for t
which leads to u(t) to be unbounded. This contradicts (2.10). Thus (2.14) is proved. On the other hand, it follows from Lemma 2.1 that
Therefore, 
19)
By using Theorem 2.1 to (1.5), we have the following result. 
Corollary 2.3. Assume that a(t) > 0, c(t) > 0, and b(t) are locally summable periodic functions with common periodic ω > 0 and p, q are positive constants with q > p, m is a positive integer. Then for any solution y(t) of (1.5), there exists T > mω such that
u 1 e −µ 1 y(t) u 2 e µ 2 for all t T ,(2.
Existence of positive periodic solutions
In this section, by using the continuation theorem, we show the existence of at least one positive periodic solution of (1.1). We first make some preparations.
Let X, Z be normed vector spaces. Assume that L : Dom L ⊂ X → Z is a linear mapping, and N : X → Z is a continuous mapping. The mapping L will be called a Fredholm
If L is a Fredholm mapping of index zero, there exist continuous projectors:
We denote the inverse of that map by K P .
If Ω is an open bounded subset of X, the mapping N will be called L-compact onΩ if QN (Ω) is bounded and K P (I
For convenience, we introduce the continuation theorem as follows.
Continuation Theorem (see [5, p. 40]). L be Fredholm mapping of index zero and let N be L-compact onΩ. Assume that
Then equation Lx = Nx has at least one solution in Dom L ∩Ω. 
x (t) = a(t) + b(t)e px(t−σ (t)) − c(t)e qx(t−σ (t)) , a.e. t 0. (3.1)
Let
For any x ∈ X (or Z), set x = max 0 t ω |x(t)|. Then X and Z are both Banach spaces when they are endowed with the norm · . Let
Nx = a(t) + b(t)e px(t−σ (t)) − c(t)e qx(t−σ (t)) , a.e. t 0. (3.3)
and P , Q are continuous projectors 
x (t) = λ a(t) + b(t)e px(t−σ (t)) − c(t)e qx(t−σ (t)) , λ∈ (0, 1), a.e. (3.4)
Suppose that x ∈ X is a solution of (3.4) for a certain λ ∈ (0, 1).
It follows from (3.5) that there exists a constant M 0 such that
Then in view of (3.4) and (3.6),
c(t)e qx(t−σ (t)) − b(t)e px(t−σ (t)) dt
As x ∈ X, there exist t 0 ∈ [0, ω] and a constant M 2 satisfying x(t 0 ) < M 2 . Hence
On the other hand, there exist t 1 ∈ [0, ω] and a constant M 3 > 0 such that
Thus we obtain
Clearly, M i , i = 0, 1, 2, 3, are independent of λ. Set H = Furthermore, let J = I be identity mapping since Im P = Ker L. Thus condition (ii) is satisfied. By now we have proved that Ω verifies all conditions of Continuation Theorem. Hence (3.1) has at least one solutionx(t) in Dom L ∩Ω. Setũ(t) = expx(t), then it is easy to see thatũ(t) is a ω-periodic positive solution of (1.7). Therefore, by Lemma 1.1, (1.1) has a ω-periodic positive solutionỹ(t) = 0<τ k <t (1 + b k )ũ(t) . The proof of Theorem 3.1 is complete. 2 Remark 3.1. From the proof of Theorem 3.1, one can know that the deviating argument σ (t) has not effect on the existence of positive periodic solution of (1.1). Hence Theorem 3.1 is also true for both advanced type and mixed type impulsive differential equations. Theorem 3.1 is even true for the corresponding impulsive ordinary differential equation, that is,
. . and ordinary differential equation y (t) = y(t) a(t) + b(t)y p (t) − c(t)y q (t) , t 0.
Example. Let τ k = kπ , b 2k+1 = 1, and
where q > p > 0. It is easy to verify
Hence by Theorem 3.1 and Remark 3.1, Eq. (3.8) has at least one 2π -periodic positive solution.
Global attractivity of positive periodic solution
In this section, our aim is to obtain an explicit sufficient condition for the global attractivity of positive periodic solution with respect to all other positive solutions of (1.1).
The following two results extracted respectively from [6, p. 21] (also see [17] ) and [11] with modifications on Caratheodory type conditions are needed in the proofs of our results of this section. Their proofs are respectively similar to those in [6] and [11] and will be omitted. Proof. Clearly, it is immediate that ifỹ(t) satisfies (4.3), then the periodic positive solutioñ y(t) will be unique. Hence to complete the proof of the theorem, it suffices to prove (4.3).
Lemma 4.1. Let a, σ satisfy that
By Lemma 1.1, we only need to show lim t→∞ (u(t) −ũ(t)) = 0 whereũ(t) is the periodic positive solution and u(t) is an arbitrary positive solution of (1.7). From Theorem 3.1, there exist periodic positive solution of (1.7) under the hypotheses of Theorem 4.1. Letũ(t) be periodic positive solution of (1.7). Set u(t) =ũ(t)e x(t) . Then (1.7) reduces to
Then
and from (4.4) we obtain
x (t) = G t, x t − σ (t) − G(t, 0). (4.5)
By the mean value theorem, we can rewrite (4.5) in the form 
x (t) = −F (t)x t − σ (t) ,

